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A Computational Fluid Dynamics (CFD) model has been formulated to evaluate axial
mixing in Taylor flow. The residence-time distribution (RTD) curves of a Taylor flow unit
cell (comprised of a liquid slug and two half bubbles) is calculated numerically from a
step-tracer simulation by solving the steady-state Navier-Stokes and the transient convec-
tion-diffusion equations for a variety of conditions (10 < Pe < 105, 10�5 < Ca < 10�3).
The concentration calculated at the outlet of a unit cell gives the cell-density function,
from which its RTD curve can be found. Two different trends in the unit cell RTD curves
were observed with Pe. At high Pe, the curves have characteristic peaks, while at low Pe
only one peak is found that decays slowly. The size and separation of the peaks is affected
by the Pe, film thickness �d, and slug length, but not Re. The moments of the RTD curves
are then used to assess literature unit cell models (CSTR-PFR, two-region, and the model
of Thulasidas et al.1) For Pe�d > 10 the CSTR-PFR model showed the largest difference
from the CFD simulations, while the model by Thulasidas et al. showed reasonable
agreement. The two-region model fitted the simulations, but only for Sh values signifi-
cantly different from those found by literature correlations. For Pe�d < 10, the CSTR-
PFR model gave the best predictions compared to the numerical simulations. A method
for calculating the residence-time distribution of a reactor, based on the residence-time
distribution of a unit cell by means of a convolution method, was also introduced and
gave results which compared very well with experimental data. The short length of the re-
actor used in the experiments, however, could not allow proper differentiation from other
models investigated, which also showed good agreement with the experimental data.
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Introduction

Taylor flow is one of the dominant gas-liquid flow patterns
in microscale diameter channels. It consists of elongated gas
bubbles of equivalent diameter larger than the channel diam-
eter separated by liquid slugs. The bubbles adopt a character-
istic capsular shape. They almost completely fill the channel
cross section, and are only separated from the wall by a thin
film of liquid. Because of the presence of bubbles in front

and at the back of the slugs, the flow field in the liquid is
modified compared to single-phase flow, and toroidal vortices
are formed.2

Compared to single-phase laminar flow, Taylor flow offers

many advantages.3 Because the bulk liquid is separated by

the gas bubbles, axial mixing between the liquid slugs is sig-

nificantly reduced. The film surrounding the bubbles is the

only means of communication between two successive slugs,

and in the majority of cases its thickness is only a fraction of

a percentage of the tube diameter. Also within the slugs the

recirculation of the liquid improves radial mass transfer, that

is, from gas to liquid and from liquid to wall.4–6
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The combination of good radial mass transfer and low-
axial mass transfer in the liquid makes Taylor flow suitable
for two-phase applications, that involve mass transfer (fluid-
fluid or wall-fluid) or single-phase liquid applications which
suffer from large back-mixing. For example, the efficiency of
many devices like tubular reactors, tubes with absorbing wall
for liquid chromatography, and tubular dialysers can be
improved by operating them in Taylor flow rather than in
single phase.7 A lot of information on Taylor flow originates
from the investigation and characterization of the monolith
froth reactor (MFR), where the two fluid phases are intro-
duced into the reactor as froth flow, and pass through the cat-
alyst coated channels in Taylor flow pattern.1,8,9 The resi-
dence time of the liquid in the reactor affects the conversion
and selectivity of such systems. Applications of Taylor flow
can also be seen in the field of microfluidics, where the intro-
duction of a second immiscible phase was used to improve
mixing in the liquid slug, segment the flow and reduce axial
mixing.10–12 In some studies the active reagents were
actually introduced into the Taylor drop in order to be kept
separate within the microreactor channel.13

In the past the low-axial mixing properties of Taylor flow
were used in automated analyzers,14 where the different sam-
ples in the feed line should be kept separate. Similarly, an
envisaged application of Taylor flow is in high-throughput
screening as a means of introducing sequentially different reac-
tants/samples within a microchannel reactor/analyzer. The
enhanced heat- and mass-transfer rates possible in microchan-
nels would enable a kinetically controlled operating regime to
be established that allows the calculation of reaction kinetics.
For such applications it is important to be able to predict the
extent of axial mixing and residence-time distribution as a
function of the hydrodynamics of the two-phase flow.

This article aims to develop a numerical method based on
Computational Fluid Dynamics (CFD) for accurately calcu-
lating the residence-time distribution in a Taylor flow tubular

system operating in laminar flow. Using this method bench-
mark cases covering a large range of parameter variations
are investigated. The results obtained are also compared with
the predictions of previously developed models that were
based on simplified assumptions of the flow field in the liq-
uid phase.

Theory and Literature Review

During Taylor flow in microchannels, strong interfacial
forces, as well as the contacting at the inlet and separation at
the outlet of the two phases may cause pulsation of the flow
or a distribution of bubble and slug sizes.15 The existence of
a liquid film surrounding the bubbles depends on the wall
surface and liquid properties, as well as on the operating con-
ditions.15,16 In this article Taylor flow is assumed to be regu-
lar (nonpulsating) and periodic (no variation in bubble or
slug sizes) in agreement with the wider body of literature on
this flow pattern in small tubes. The description of small
implies the dominance of surface tension over gravity forces.
Various criteria can be found in literature to indicate when
this happens. The criterion used here is ðrgd2=gÞ. 3:37,
based on the work by Bretherton.17 In addition, there is neg-
ligible flow in the liquid film surrounding the bubbles and
the geometry of the bubble is axisymmetric.

In periodic Taylor flow, a single period consists of a bub-
ble and a slug, or a slug and two half bubbles, usually
referred to as a unit cell. The unit cell moves with the veloc-
ity of the bubble, which is faster than the average liquid ve-
locity in the slug, because of the presence of the near stag-
nant liquid film separating the bubble from the wall. A mov-
ing unit cell, seen from a frame of reference moving with
the bubble resembles a reactor with one inlet and one outlet
(Figure 1).

Following the pulsed tracer experimental methodology for
determining the residence-time distribution curve,18 a tracer
is conceptually introduced at time zero into a Taylor flow re-
actor of length lreactor, such that it fills (and is only confined
to) a single unit cell (see Figure 2a). The amount of tracer
material introduced into the channel is calculated from the
product of the tracer concentration and the liquid slug vol-
ume. As the tracer cell moves through the reactor some
tracer is communicated upstream through the film into the
next cell that enters the reactor. When the whole of cell 2 is

Figure 1. Moving unit cells through a reactor channel
appear, when viewed from a frame of refer-
ence moving with the velocity of the bubbles,
as a small vessel with one inlet and one outlet.

The flow patterns inside the slug are patterns typical for the
small Ca involved in microreactor applications. [Color figure
can be viewed in the online issue, which is available at
www.interscience.wiley.com.]

Figure 2. Method of acquiring the residence-time dis-
tribution curve.

The boundaries of the reactor are denoted by the dashed
vertical lines. [Color figure can be viewed in the online
issue, which is available at www.interscience.wiley.com.]
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in the reactor the time passed is tcell ¼ lcell/Ub, (see Figure
2b). The process continues as more cells enter the reactor,
and each cell experiences at its inlet the tracer that the down-
stream cell deposits behind. When cell 1 completely exits the
reactor, its residence time in the reactor is treactor ¼ lreactor/
Ub, see Figure 2c. The concentration of the exiting slug is
averaged and noted as the reactor outlet concentration for
time interval treactor � tcell � t � treactor.

Determining the output and internal concentration of a unit
cell for a given time-varying tracer input is the next step.
Under certain assumptions, the outlet concentration can be
predicted analytically. Thiers et al.19 assumed perfect mixing
in the slugs obtaining a tank-in-series model. In another arti-
cle, Salman et al.20 have restricted the assumption of perfect
mixing to low Peclet numbers (Pe < 500), and used a
CSTR-PFR in series model to predict the response of the
unit cell. It was further shown that for very low Peclet num-
bers, forward axial mixing, as well as axial backmixing
occurs, and this was accounted for by incorporating diffusion
in the PFR equation in the CSTR-PFR model.

In more sophisticated models, the region of the slug can
be divided into two separate regions; a closed vortex region
where the recirculation occurs, and an enclosing open thin
liquid annulus region (Figure 1). This division is the basis of
two-region models. Pedersen and Hovarth21 proposed a two-
region model where the two regions (the film and the vortex)
are assumed to be well mixed, and a mass-transfer coefficient
is used to account for mass transfer between them. They
obtained this parameter from studies of slug to wall mass-
transfer coefficients.22 Average mass-transfer coefficients can
also be found in other sources.5,6,8,23 Thulasidas et al.1

assumed the same two regions of the liquid slug to be well
mixed in the axial direction, and exchange mass only by diffu-
sion in the radial direction. A one-dimensional (1-D) transient-
diffusion equation, and an averaging procedure were then used
to calculate the mass transfer. Starting with an initial concen-
tration in the annulus region and in the core circulation region,
the equation is solved for a time equivalent to that of a single
circulation cycle, then the concentrations of the two regions
are averaged. This average core concentration is then used as
an initial condition for the next solution, while the average
concentration in the annulus region is the output response of
the unit cell for the duration of the solved time. Kreutzer8

developed a ‘‘continuous multizone model’’ version of the
two-region model of Pedersen and Hovarth,21 with the discrete
unit cell approximated by a differential element.

Pedersen and Hovarth21 used convolution methods to
obtain from the residence-time distribution in a single unit
cell, the residence-time distribution of the whole Taylor flow
channel. Pedersen and Hovarth,21 Thulasidas et al.1 and
Kreutzer8 compared the reactor residence-time distribution
curves calculated from their models with experimental ones
to validate the single-cell models. One of the aims of this
work is to provide accurate simulated residence-time distri-
bution data of unit cells against which previous models can
be directly compared.

Model Theory

To totally account for the hydrodynamics during gas-liquid
Taylor flow, bubble shapes and velocity, film thickness and

flow field in the liquid slugs need to be known. The govern-
ing dimensionless parameters derived from the Navier-Stokes
equations and boundary conditions for a gas-liquid Taylor
flow are given in Table 1.

Many numerical studies have been conducted to determine
the influence of these parameters on the flow.24–27 In general
the effect of increasing Ca is always to increase the thickness
of the liquid film surrounding the bubbles. The flow pattern
inside long slugs soon attains a parabolic profile away from
the bubble caps for sufficiently long Ls. For Ca < 10�3, the
shapes of the bubble caps can be assumed spherical, and the
annular film reaches terminal film thickness quickly so that
the body of the bubble can be approximated by a cylinder.
The increase in Re causes an increase in the slug length nec-
essary for a parabolic flow profile to develop. Re has limited
effect on the shape of the bubble and film thickness for Ca
< 10�3.24 While the bubble length Lb has been shown to
affect the terminal velocity of the bubble when it is smaller
than a certain minimum length which depends on Re and
Ca, it is only for the cases where Ca > 10�3 that this is sig-
nificant.28 In practice Lb needs to be made sufficiently large
(Lb J 1.2) for a constant film thickness to be reached. Fr
influences the amount of liquid flowing in the falling film
surrounding the bubbles in vertical arrangements. The influ-
ence of increasing Fr is to increase the bubble velocity. In
general, the effects of Re, Lb and Fr can be neglected for
Ca � 10�3.24

The dominance of surface forces in small diameter chan-
nels brings to prominence the effect of contaminant surface
active agents. Their presence usually results in a larger film
thickness than predicted by theory and modifications to the
flow field. The characterization of such effects requires the
introduction of many more parameters (surfactant interface
adsorption/desorption rates and interface diffusivity),29 which
vary from system to system and are very difficult to measure
or estimate (the most measurable effect is on the terminal
film thickness). Depending on the nature and concentration
of surfactants, the nature of relation between Ca and film
thickness �d is modified. As a result, it is better to use the
film thickness �d as a parameter than Ca. The change in the
flow field with trace contaminant surfactant also depends on
the effect of the contaminants on the surface tension and the
actual contaminant concentration.29 To facilitate the current
analysis, it is assumed that the concentrations of the contami-
nants are such that the effects on the flow field in the liquid
are negligibly small.

Although the different dimensionless parameters are inde-
pendent, once a specific system is selected all the physical
constants are fixed, and the parameters are linked by the tube
diameter and the bubble velocity. Considering the properties

Table 1. Dimensionless Numbers Governing the
Hydrodynamics of Taylor Flow24

Dimensionless Number Definition

Ca mUb=g
Fr U2

b=gd
Lb lb=d
Ls ls=d
Re rUbd=m
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of many common solvents and a range of 10�6 � Ca � 10�3

(deduced from tube lengths, diameters and reaction-residence
times which could be encountered in microreactor engineering
applications), the ranges of other dimensionless numbers were
calculated (Table 2). The limits on Peclet number were
deduced for diffusivities 5 � 10�11 � D � 10�8 m2/s, which
are typical of many materials in water.30 The lower limit corre-
sponds to diffusivities of large molecules.

Problem formulation and solution method for unit cell

For the range 10�6 � Ca � 10�3 bubbles are well
approximated by a cylinder with spherical cap ends. Film
thickness range was estimated from correlations in terms of
Ca.24 As explained in the previous section the results will be
reported in terms of film thickness rather than Ca. Dimen-
sionless slug lengths were taken as Ls ¼

�
1
4
; 1; 4

�
, based on

previous experimental work.15 The upper limit did not
exceed 4 because the mass transfer performance of Taylor
reactors worsens with increased slug lengths.20,23 Liquid
films surrounding bubbles are generally thin and well mixed
radially. In general, they can be approximated as plug-flow
reactors (PFR), whose only effect is to delay the signal out-
put of a step pulse input. The effect of increasing bubble
length would be a shift to the right in the time axis of the
residence-time distribution curve. As a result, only a single
bubble length, approximated by Lb ^ 1.1, was used in all
simulations.

The first step in the solution method was to obtain the
flow field in the liquid slug between two consecutive bubbles
(see for example Figure 1). This was calculated by solving
the Navier-Stokes Eq. 1 for that geometry (shown in Fig-
ure 3). The characteristic quantities used in the nondimen-
sionalization of the equations and boundary conditions are
given in Table 3.

Re �u � r�u ¼ �r�pþr2 � �u (1)

The boundary conditions are given in Table 4. To solve
Eq. 1, a commercial finite element software package, Fem-

lab1 by Comsol is used. Standard second-order elements
were used for the velocity fields, and first-order elements for
the pressure field. The total number of elements varied
between 2,851 and 11,270, with the larger number of ele-
ments used for the larger Ls. There was a larger concentra-
tion of elements near the bubble caps and at the boundary
between the liquid film and the vortex region. Sensitivity
studies were carried out to ensure grid independence of the
resulting flow field.

The second step of the solution method was to solve the
convection-diffusion Eq. 2 with boundary conditions given
by Table 5 with Femlab, using a similar computational do-
main as that used for the hydrodynamics (see Figure 3)

q�c
q�t

þ �u � r�c� 1

Pe

� �
r2

�c ¼ 0 (2)

The velocity field �u used in the equation is that calculated in
step 1. The initial condition of the tracer in the computa-
tional domain is constant concentration of �c ¼ 0. The output
concentration at boundary (B3) at regular time-steps was cal-
culated from the average flux over the cross section.

Third-order elements were used for the concentration of
the tracer. Their number varied from 5,620 to 15,431. The
numerics of the simulation limited the values of Peclet num-
ber which could be used. Beyond Pe of the order of 105 sig-
nificant overshooting (concentration in excess of the maxi-
mum concentration of 1) and undershooting (negative con-
centrations) develop around areas of high-concentration
gradients (specifically in the region of the stream line sepa-
rating the film and the circulation area). While these can be
treated using various shock capturing techniques31 they intro-
duce artificial diffusion, and for that reason were not used.
Therefore, the upper limit considered was Pe ¼ 105, and
even for that limit some shock effects are observed during
the early stages of the simulation which did not disappear
with local grid refinements. The overshoot/undershoot in di-
mensionless concentration was localized, and of a value less
than 60.08, which disappears as the concentration gradients
reduced with time.

The solution of hydrodynamics and convection-diffusion
equations was carried out using an Athlon 1.6GHz processor
with 1Gb RAM. The hydrodynamic solution is easily
obtained in � 8 min of CPU time. The concentration at the
output of the unit cell for the time-dependent solution of the

Table 2. Range of Dimensionless Numbers
Considered in this Work

Ca d/d Remin Remax Pemin Pemax

10�3 6.36 � 10�3 4.95 � 10�5 3.09 � 102 3.70 1.78 � 106

10�4 1.41 � 10�3 4.95 � 10�5 3.09 � 101 3.70 1.78 � 105

10�5 3.06 � 10�4 4.95 � 10�5 3.09 3.70 1.78 � 104

10�6 6.60 � 10�5 4.95 � 10�5 3.09 � 10�1 3.70 1.78 � 103

Figure 3. Geometry and boundaries of the computa-
tional domain.

[Color figure can be viewed in the online issue, which is
available at www.interscience.wiley.com.]

Table 3. Characteristic Quantities used in
Dimensionless Variables

Velocity Ub, velocity of the bubble
Length d, tube diameter
Time d/Ub

Concentration ci, constant inlet concentration

Table 4. Boundary conditions used for the
Navier-Stokes Eq. 1

(B1) Inlet �uz ¼ �1, �ur ¼ 0
(B2) Slip or symmetry nb � �u ¼ 0, q�uqn ¼ 0
(B3) Straight-out condition nt � �u ¼ 0, �p ¼ 0
(B4) Wall �uz ¼ �1, �ur ¼ 0

1416 DOI 10.1002/aic Published on behalf of the AIChE June 2007 Vol. 53, No. 6 AIChE Journal



convection-diffusion Eq. 2, was evaluated in less than 10
stages. Initially, output concentrations were stored at time-
steps D�t ¼ 0.1. Then, the storage steps were increased in
stages. D�t ¼ 100 was the maximum time-step size used to
resolve the long tail of the distribution for some systems.

The CPU time required for the initial stage was longest
(maximum � 8 h for the highest Pe) but dropped to � 7 min
for the later stages.

Residence-time distribution of unit cell

The concentration at the outlet of a unit cell �co(�t) in
response to a step input gives the density function F(�t). This
output is calculated for all time-steps, and an interpolation
using natural cubic splines of this data corresponds to the
continuous function F(�t ). The equation of the natural cubic
spline function for a set of numerical data obtained at times
{�t1, �t2, . . . , �tn}, can be written as

Spð�tÞ ¼ a1 þ b1ð�t� �t1Þ þ e1ð�t� �t1Þ2 þ f1ð�t� �t1Þ3 for �t1 � �t � �t2

¼ a2 þ b2ð�t� �t2Þ þ e2ð�t� �t2Þ2 þ f2ð�t� �t2Þ3 for �t2 � �t � �t3

:

¼ an�1 þ bn�1ð�t� �tn�1Þ þ en�1ð�t� �tn�1Þ2 þ fn�1ð�t� �tn�1Þ3 for �tn�1 � �t � �tn ð3Þ

Table 5. Boundary Conditions used for the
Convection Diffusion Eq. 2

(B1) �ci ¼ 1
(B2) N � nb ¼ 0
(B3) N � nb ¼ c�u � nb
(B4) N � nb ¼ 0

The spline coefficients were calculated using an adaptation

of the method by Burden et al.32 in Mathematic1.33 Splines

were used in the interpolation because they have continuous

first and second derivatives. The derivative of F(�t ) with

respect to time gives the residence-time distribution curve

E(�t ). The process of differentiating the data introduces spuri-

ous errors specifically around areas where there is a sharp

change in the gradient of F(�t ), and not enough sampling

points. With that in mind the curves obtained for the resi-

dence-time distributions E(�t ) still produced useful informa-

tion.

Once the unit cell residence-time distribution curves are

obtained, their moments are calculated up to the third one to

characterize them. Moments are easy to calculate using

Eq. 4, however, with increasing moment order larger errors

are introduced in their calculation18

�mn ¼ n

Z 1

0

�tn�1½1� Fð�tÞ�d�t (4)

�s2 ¼ �m2 � �m21 (5)

The models used to describe the behavior of the unit cell in

literature, usually have at most a single adjustable parameter,

which accounts for the incomplete knowledge of the mixing

process in the liquid slug. This parameter is determined for

unit cells by comparing the model predictions against experi-

mental data for the whole reactor, and picking a value for

the parameter so that the model best matches the data

according to certain criteria. In this work, literature models

for a single unit cell are fitted to the numerical data obtained

from the simulations. Two steps are necessary: first assess/

obtain the fitting parameter, and then compare the quality of

the fit with the original numerical data.

Two possible procedures are available for fitting and com-
paring the quality of the fit, as discussed by Nauman and
Buffham.18 In the method of moments, the n parameters are

fitted to satisfy the first n moments, and the quality is

assessed by considering the value of the n þ 1 moment. The

second method is to use a fitting algorithm where the param-

eters of a model are fitted so as to minimize the square of

the difference between the data and the model (Eq. 6).

square error ¼
Z 1

0

ðFmodelð�tÞ � Fð�tÞÞ2d�t (6)

In this work, the second method is used as it was found difficult

to make a qualitative judgement on the quality of the fit based

on the values of moments. Nevertheless, the values of the

moments are also reported because they can easily be used to

estimate adjustable parameters and make comparisons between

different models without recourse to the RTD data.

Residence-time distribution of reactor

Using simple conservation of mass arguments, the average

concentration �cav inside a slug in dimensionless form can be

given by Eq. 7.

d�cavð�tÞ
d�t

¼ Af d

V
ð�cið�tÞ � �coð�tÞÞ (7)

where �ci and �co are the dimensionless inflow and outflow

concentrations respectively.
The Laplace-transform of the earlier expression is

�s �Cavð�sÞ � �cavð0Þ ¼ Af d

V
�Cið�sÞ � �Coð�sÞð Þ (8)

A slug of zero initial concentration �cav (0) ¼ 0 experiencing an

input �Ci(�s), gives an output �Co(�s) ¼ E(�s) �Ci(�s), where E(�s) is the
Laplace transform of the residence-time distribution function

of a single unit cell. This can be substituted in Eq. 8 to give

�Cavð�sÞ ¼ Af d

V

�Cið�sÞð1� Eð�sÞÞ
�s

(9)
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The first slug needs to be considered differently, because it has
unit concentration and experiences a 0 input concentration (see
Figure 2(a). It can be shown that the output of the first slug is
given by C

1

oðsÞ ¼ ðð1� EðsÞÞ=sÞ, and from Eq. 8, C
1

avðsÞ ¼
1
s � ððAf dÞ=VÞðð1� EðsÞÞ=s2Þ. Output and average concentra-
tion of slugs in the Laplace domain are given in Table 6.

Once the unit cell F(�t ) is known numerically from CFD,
the F(�s) is calculated by applying the Laplace transform to
the corresponding spline polynomials fitting the numerical
data. The Laplace transform of the interpolated function F(�t),
with N data points is given by Eq. 10.

Fð�sÞ ¼ LðFð�tÞÞ ¼
XN
n¼1

e��s�tn�1 � e��s�tn

�s

� �
an�1 þ ðe��s�tn�1 � e��s�tnÞ

�s2
� ð�tn � �tn�1Þe��s�tn

�s

� �
bn�1

þ 2ðe��s�tn�1 � e��s�tnÞ
�s3

� 2e��s�tnð�tn � �tn�1Þ
�s2

� e��s�tnð�tn � �tn�1Þ2
�s

" #
en�1

þ 6ðe��s�tn�1 � e��s�tnÞ
�s4

� 6e��stnð�tn � �tn�1Þ
�s3

� 3e��s�tnð�tn � �tn�1Þ2
�s2

� e��s�tnð�tn � �tn�1Þ3
�s

" #
fn�1 ð10Þ

Next, the Laplace transform of the unit cell RTD curve is
calculated from the transform of the density function

Eð�sÞ ¼ �sFð�sÞ þ Fð0Þ (11)

Following, the expressions of �Cav
n (�s) are calculated from

Table 6.
The concentration at the outlet of the reactor is obtained

from evaluating the inverse Laplace transform of functions in
Table 6 at dimensionless times given by Table 7. Numerical
inversion of the Laplace transform is ideal for this type of
problem, as the concentrations that need to be evaluated are
those of the slugs at the exit of the reactor. There are various
known algorithms for this inversion, and the one used in this
work is an adaptation of Gaver functionals with Wynn’s rho
acceleration algorithm34 as implemented in Mathematica1.35

From the speed of each unit cell and its length, as well as
the length of the reactor, the concentration at different times
can be plotted and converted to a reactor residence-time dis-
tribution curve Ereactor(�t ) when normalized.

Results and Discussion

The solution of the Navier-Stokes equation showed the
typical recirculation patterns in the liquid as illustrated in
Figure 1. The moments of the unit cell residence-time distri-
bution curves for the different cases studied are summarized
in Table 8. The zeroth and first moments are used as a fur-
ther check for the quality of the numerical solution. The zer-
oth moment should be equal to one and the first moment

should be the space-time of the unit cell calculated simply
from expression 12

�t ¼ V

Af d
¼

�Rð2ð �R� �dÞ þ LsÞ � 4
3
ð �R� �dÞ3

2 �R �R2 � ð �R� �dÞ2
� � þ Lb � 2ð �R� �dÞ

(12)

It can be seen that all runs with Pe ¼ 10 have a considerably
lower value of the first moment than the space-time of the
unit cell. This is attributed to the breakdown of the assump-
tion that convection dominates mass transfer at the bounda-
ries (closed-closed system assumption is necessary in resi-
dence-time distribution analysis). Boundary (B1) is not a
closed boundary and diffusion there may account for these
results. For low Pe, the approach of Salman et al. is more
suitable.20

General features of the unit cell RTD/spatial
concentration contours, and the effect of the
dimensionless parameters

Two distinct types of unit cell concentration patterns are
observed, which depend on the Peclet number value. For
high-Peclet numbers {103, 104, 105} the contours roughly
mirror the streamlines in the liquid. A typical concentration
distribution in the slug and corresponding density function
F(�t) of the unit cell output are given in Figure 4. Typical fea-
tures of these curves are:

(1) An initial delay, corresponding to the time for the film
to travel across the unit cell.

Table 6. Laplace Transforms of the Output and
Average Concentration of Slug ‘n’

Slug Output Concentration Slug Average Concentration

�C1
oð�sÞ ¼

�
1�Eð�sÞ

�s

�
�C1
avð�sÞ ¼ 1

�s � Af d
V

1�Eð�sÞ
�s2

� �
�C2
oð�sÞ ¼ Eð�sÞ 1�Eð�sÞ

�s

� �
�C2
avð�sÞ ¼ Af d

V
1�Eð�sÞ

�s

� �2
�C3
oð�sÞ ¼ E2ð�sÞ 1�Eð�sÞ

�s

� �
�C3
avð�sÞ ¼ Af d

V
1�Eð�sÞ

�s

� �2
�Eð�sÞ

�Cn
oð�sÞ ¼ En�1ð�sÞ 1�Eð�sÞ

�s

� �
�Cn
avð�sÞ ¼ Af d

V
�En�2ð�sÞ 1�Eð�sÞ

�s

� �2

Table 7. Dimensionless Times �t where the Inverse Laplace
Transforms of �Cav

n (�t) are Calculated

Function Time for Evaluation

L�1 �C1
avðsÞ Lreactor

L�1 �C2
avðsÞ Lreactor þ (Lb þ Ls)

: :

L�1 �Cn
avðsÞ Lreactor þ n(Lb þ Ls)

Note that �t is equivalent to dimensionless lengths; for example for the first
cell lreactor

Ub
� Ub

d ¼ lreactor
d ¼ Lreactor .
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(2) A rapid rise in output concentration as the film exits the
unit cell. The level of the first plateau reached is affected by the
amount of tracer diffusing from the film to the vortex region.

(3) A slower rise in concentration with a number of pla-
teaus. The length of each plateau corresponds to the time of a
single circulation of the vortex in the slug. During this stage the
concentration of the tracer in the outer parts of the vortex
increases rapidly and approaches the film concentration. The
inner parts of the vortex remain virtually tracer free.

(4) A very slow exponential increase to the final unit con-
centration value. This is typical behavior of the diffusion

dominated process by which the tracer concentration in the
inner part of the vortex slowly builds up.
The spline fitted F(�t) curves (see section ‘‘Residence-time

distribution of unit cell’’) are differentiated to accurately
obtain E(�t), which reveals some of the features more
clearly. The plateaus in the F(�t) curve correspond to zero/
very low-probability of an entering solute to remain in the
system for the corresponding residence time. The peaks in
the E(�t) curve correspond to the sharp rises in F(�t), and rep-
resent the outlet response of the unit cell to a single pulse
input. It is worth noting that the area under the first peak in

Table 8. Table of Unit Cell RTD Moments for Various Re, Pe, �d, Ls and Lb = 1.1 from the Numerical Simulation

�d ¼ 3.11
� 10�4

Re 4.5 � 10�5 3

Pe 105 104 103 102 10 105

Ls �t 469
0.25 �m1 (�10�2) 4.69 4.67 4.68 4.68 2.54 4.69

�m2 (�10�5) 6.86 4.52 4.34 4.33 1.28 6.87
�s2 (�10�5) 4.66 2.33 2.15 2.14 0.63 4.67
�m3 (�10�7) 162 64 59 59 10 163
�t 1071

1.00 �m1 (�10�2) 10.7 10.6 10.6 9.94 2.59 10.7
�m2 (�10�5) 35.4 23.0 22.2 19.4 1.31 35.4
�s2 (�10�5) 24.0 11.7 10.9 9.51 0.644 24.0
�m3 (�10�8) 183 71.7 66.9 55.6 0.984 183
�t 3480

4.00 �m1 (�10�3) 3.46 3.47 3.47 3.22 0.87 3.5
�m2 (�10�5) 291 244 240 203 15 293
�s2 (�10�5) 171 123 120 100 7.14 173
�m3 (�10�9) 360 255 246 187 3.68 368

�d ¼ 10�3

Re 4.5 � 10�5 30

Pe 105 104 103 102 10 105

Ls �t 146
0.25 �m1 (�10�2) 1.46 1.46 1.46 1.46 0.928 1.46

�m2 (�10�4) 12.0 4.89 4.19 4.19 1.69 12.0
�s2 (�10�4) 9.91 2.76 2.07 2.05 0.83 9.91
�m3 (�10�7) 18.6 2.49 1.77 1.79 0.463 18.5
�t 333

1.00 �m1 (�10�2) 3.32 3.33 3.33 3.33 2.08 3.33
�m2 (�10�5) 6.22 2.52 2.22 2.19 0.856 6.19
�s2 (�10�5) 5.12 1.41 1.11 1.08 0.42 5.09
�m3 (�10�7) 205 28.4 21.9 21.4 5.23 203
�t 1083

4.00 �m1 (�10�2) 10.8 10.8 10.8 10.7 7.06 10.8
�m2 (�10�5) 40.4 24.5 23.3 22.9 9.64 40.7
�s2 (�10�5) 28.7 12.8 11.6 11.3 4.67 29.0
�m3 (�10�8) 239 82.2 74.6 72.7 19.7 239

�d ¼ 10�2

Re 4.5 � 10�5 300

Pe 105 104 103 102 10 105

Ls �t 15.3
0.25 �m1 (�10�1) 1.55 1.56 1.55 1.56 1.35 1.55

�m2 (�10�3) 9.75 1.37 0.516 0.437 0.325 9.75
�s2 (�10�3) 9.51 1.13 0.274 0.195 0.144 9.65
�m3 (�10�5) 141 2.39 0.294 0.201 0.116 147
�t 34

1.00 �m1 (�10�1) 3.47 3.45 3.45 3.45 3.45 3.47
�m2 (�10�3) 48.5 6.61 2.54 2.54 2.25 48.5
�s2 (�10�3) 47.3 5.42 1.35 1.35 1.06 47.5
�m3 (�10�5) 1487 27.0 2.93 2.93 2.33 1490
�t 110

4.00 �m1 (�10�2) 1.10 1.10 1.10 1.10 1.01 1.10
�m2 (�10�4) 21.8 3.89 2.45 2.25 1.71 22.7
�s2 (�10�4) 20.6 2.67 1.24 1.04 0.688 21.5
�m3 (�10�6) 824 22.1 8.20 6.88 4.24 909
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the E(�t) curve of Figure 4 represents the fraction of tracer
which moves straight through the cell without interacting
with the vortex.

The second concentration behavioral pattern appears in the
cases of low-Peclet numbers {10, 100}, and is exemplified
by Figure 5. Typical features of these curves are:

(1) An initial delay, corresponding to the time for the film
to travel across the unit cell. There is no distinct film region
observed from the concentration diagrams.

(2) The concentration in the unit cell rises rapidly to the
final unit concentration value because of strong diffusivity.
The region inside the slug is well mixed, and the exit con-
centration behavior will be shown to be reasonably approxi-
mated by an ideal continuous stirred tank (see section
‘‘CSTR-PFR combination’’).
The residence-time distribution curves of such systems

were again obtained by interpolation and differentiation, and
typically show no peaks corresponding to recirculation times
(Figure 5).

To investigate the effect of Re, a film thickness �d ¼ 10�2

corresponding to Ca ; 10�3 was chosen as this has the larg-
est Re range (Table 2). In addition the highest Pe for that
film thickness �d was used so that convection effects are most
significant. The range was limited to Pe ¼ 105 due to numer-
ical artifacts. Table 8 shows almost identical values for all
the moments for Pe ¼ 105, and both Re extremes (4.5 �
10�5 and 300) representative of the near identical E(t) curves
obtained. It is, therefore, concluded that the Reynolds num-
ber has minimal effect on the residence-time distribution for
the range of parameters studied.

Effect of Film Thickness �d and Pe on Unit Cell
RTD. With increasing film thickness, the peaks of the E(�t)
curve become larger and more distinct (Figure 6). Similar
behavior can be seen with increasing Pe (compare Figures 4
and 5). For Pe ¼ 102 the peaks are no longer distinguishable.
In Figure 6, the first peak grows with �d as more tracer is
able to move straight through without interacting with the
vortex. When the film is thin or diffusion is more dominant
(Pe small), it loses (by percentage) more of its tracer content
by diffusion to the recirculating vortex as it moves through
the slug, which implies that more of its contents mix with

Figure 5. Variation with time of dimensionless unit cell
concentration contours, density and residence-
time distribution functions typical of low Pe.

(�d ¼ 10�2, Pe ¼ 100, Ls ¼ 0.25, Re ¼ 4.5 � 10�5). [Color
figure can be viewed in the online issue, which is available at
www.interscience.wiley.com.]

Figure 4. Variation with time of dimensionless unit cell
concentration contours, density and residence-
time distribution functions typical of high Pe.

(�d¼ 10�2, Pe¼ 105, Ls ¼ 0.25, Re¼ 4.5� 10�5). [Color fig-
ure can be viewed in the online issue, which is available at
www.interscience.wiley.com.]

Figure 6. RTD curves of a unit cell for various film
thicknesses �d, {Black: �d = 10�2, Gray: �d =
10�3, Dashed: �d = 3.06 3 10�4}. Ls = 0.25, Pe
= 1,000, Re = 4.5 3 10�5.
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the vortex. This effect is expected to increase with slug length,
see section ‘‘Effect of Ls on unit cell RTD’’ following.

Since the unit cell RTD variation with Pe and �d is attrib-
uted to the mass transfer between the film and the vortex, a
pertinent dimensionless parameter for the characterization of
mass transfer from the film is Pe�d. In Figure 7a and b nor-
malized moments are presented as a function of Pe�d. The
reason for the normalization (by dividing by the first moment
raised to the appropriate power) is that the RTD of unit cells
with different space-times can be compared directly. It is
worth noting that there are some sets of different Pe and �d,
which give rise to the same value of Pe�d (Table 8).

It is observed that at Pe�d < 10 the normalized standard
deviation and third moments are independent of Pe�d and Ls.
This indicates a CSTR-like RTD behavior. However, it
should be noted that the spatial mixing behavior inside the
slug depends on the Pe as can be seen by comparing Figures
4 and 5. For Pe�d > 10, the normalized moments increase
with increasing Pe�d and decreasing Ls.

Effect of Ls on Unit Cell RTD. Increasing the slug length
increases accordingly the delay before the response in the
outlet appears as the tracer has to travel through a longer
film. The separation between the peaks on the RTD curve
also increases as the resulting circulation time within a slug
increases. The increased film length also means that there is
a longer distance for diffusion to occur, and, hence, a larger
proportion of the material carried in the film is transferred to
the vortex region. This results in a decrease in the size of the
peaks (Figure 8). Table 8 shows a trend of increasing stand-
ard deviation �s2 with increasing Ls.

For low Pe, where well mixed conditions in the slug are
observed, the standard deviation is a monotonic function of
space time (see Eq. 15). For high Pe, �s2 depends on the sep-
aration of the peaks, which is proportional to the vortex
cycle time (see section ‘‘The model of Thulasidas et al.’’).
The cycle time, in turn, increases with slug length. Note that
the opposite trend is observed in Figure 7a due to the fact
that the standard deviation is normalized.

Comparison to literature unit cell models

In this section, residence-time distribution curves and their
moments produced by existing literature models are com-
pared with the results of the current simulation.

CSTR-PFR Combination. The RTD curve of a unit cell
approximated by a CSTR-PFR combination, where the CSTR
corresponds to the slug, and the PFR to the film surrounding
the bubble is20

ECSTR�PFRð�tÞ ¼
e
ðLb�1þ2�dÞ��t

�ts

�ts
�t � ðLb � 1þ 2�dÞ

0 �t < ðLb � 1þ 2�dÞ

8><
>: (13)

The first three moments are calculated as follows

�m1 ¼ �ts þ ðLb � 1þ 2�dÞ (14)

�m2 ¼ ðLb � 1þ 2�dÞ2 þ 2ðLb � 1þ 2�dÞ�ts þ 2�t 2s (15)

�m3 ¼ ðLb � 1þ 2�dÞ3 þ 3ðLb � 1þ 2�dÞ2�ts
þ 6ðLb � 1þ 2�dÞ�ts þ 6�t 3s ð16Þ

where �ts is the dimensionless space-time of the slug, which
can be calculated from the slug geometry

�ts ¼ V

Af d
¼

�R
2ð2ð �R� �dÞ þ LsÞ � 4

3
ð �R� �dÞ3

2 �Rð �R2 � 	 �R� �d

2Þ (17)

Figure 7. Effects of varying Pe�d, and the slug length on the shape of the RTD curve {Diamond: Ls = 0.25, Square: Ls
= 1, Cross: Ls = 4}. Re = 4.5 3 10�5.

Figure 8. RTD curves of a unit cell for various slug
lengths Ls {Dashed: Ls = 0.25, Gray: Ls = 1,
Black: Ls = 4}. Pe = 105, �d = 3.04 3 10�4, Re =
4.5 3 10�5.
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This model has no fitting parameters and, can, thus, be easily
used. For a film of zero length (Lb ¼ 1�2�d), the CSTR-PFR
reduces to a CSTR with �m1 ¼ �ts, m2 ¼ 2�ts

2 and �m3 ¼ 6�ts
3,

which when normalized give m3=m
3
1 ¼ 6; s2=m21 ¼ 1. These

values are the same as those found at the limit of small Pe�d,
and small Lb (Lb ¼ 1.1 � 2�d), as can be seen from Figure 7a
and 7b. Qualitatively, however, it is quite clear that the sin-
gle exponential decay in the residence-time distribution is
not going to be able to account for the multipeak behavior
observed in the residence-time distribution curves of high
Peclet numbers. Although it contains terms relating to film
thickness and slug length, the Peclet number does not feature
in the equation, and the difference between high- and low-
Peclet number cases cannot be resolved.

An example where this model is a good representation of
the numerical results is shown in Figure 9. It is worth noting

the logarithmic time scales used, and that the models agree
reasonably well for �t > 10. By comparing the various
moments of the CSTR-PFR model with the CFD model in
Table 10, it can be observed that the CSTR-PFR model
agrees best with the CFD model at intermediate Pe. At
higher Pe the model is not a good representation of the unit
cell due to the lower contribution of diffusion to mixing. At
lower Pe values, discrepancies are due to the reduced contri-
bution of convection to mixing.

Two-Region Model. This model differs from the previ-
ous CSTR-PFR model in that the slug is split into two
regions (film and vortex), where each is modelled as a
CSTR, and a mass-transfer coefficient accounts for the
mass transfer between the two as proposed by Pedersen
and Hovarth.21 The output concentration of this model is
given by

E2Regionð�tÞ ¼

� e�
1
2
ðzþZþyþkÞðð�t�ðLb�1þ2�dÞÞð�z� Zþ yþ kÞðzþ Zþ yþ kÞÞ

4z
�t � ðLb � 1þ 2�dÞ

� e½z�
1
2
ðzþZþyþkÞ�ð�t�ðLb�1þ2�dÞÞðz� Zþ yþ kÞ�z� 1

2
ðzþ Zþ yþ kÞ�

2z
0 �t < ðLb � 1� 2�dÞ

8>>>>>>>>><
>>>>>>>>>:

(18)

The first three moments of the two-region model can be
easily calculated as

where

Z ¼ Af d

V1

(22)

y ¼ Sh

Pe

Asd

V1

(23)

k ¼ Sh

Pe

Asd

V2

(24)

z ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðZþ yþ kÞ2 � 4Zk

q
(25)

It is difficult to calculate the exact volumes of the film and
the vortex region, V1 and V2, respectively, and transfer area
between them, As, without identifying the streamline separat-
ing the two regions. They can, however, be estimated reason-
ably well by assuming the thickness of the film region in the
slug to be equal to the film thickness surrounding the bubble

V1 ¼ p �R2ð�Ls þ 2ð �R� �dÞÞ
�R2

ð �R� �dÞ2 � 1

 !
(26)

V2 ¼ p �R2ðLs þ 2ð �R� �dÞÞ � 4

3
pð �R� �dÞ3

� �
� V1 (27)

�m1 ¼
ðyþ kÞ
Zk

þ ðLb � 1þ 2�dÞ (19)

�m2 ¼
2y ðZþ yÞ þ 2ð2þ ðLb � 1þ 2�dÞZÞyk

Z2k2
þ ð2þ ðLb � 1þ 2�dÞZð2þ ðLb � 1þ 2�dÞZÞÞk2

Z2k2
(20)

�m3 ¼
6yðZþ yÞ2 þ 6yð3yþ Zð2þ ðLb � 1þ 2�dÞðZþ yÞÞÞk

Z3k3
þ 3ð6þ ðLb � 1þ 2�dÞZð4þ ðLb � 1þ 2�dÞZÞÞyk2

Z3k3

þ ð6þ ðLb � 1þ 2�dÞZð6þ ðLb � 1þ 2�dÞZð3þ ðLb � 1þ 2�dÞZÞÞÞk3
Z3k3

ð21Þ
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As ¼ 2pð �R� �dÞðLs þ 2ð �R� �dÞÞ (28)

This model has a single fitting parameter, the Sherwood
number Sh ¼ ðkLdÞ=D, and includes in its formulation all the
dimensionless parameters affecting the behavior of the slug.
Published values for Sh are usually obtained from experi-
ments on liquid to wall mass transfer.5,6,8,22,23 Rather than
relying on such values, however, the model was fitted to the
curves obtained from the CFD simulation in this work using
Sh as the fitting parameter. The method of least-square error
(see Eq. 6) was used to fit Sh, and then the 2nd and 3rd
moments were compared. Fitted Sh numbers can be found in
Table 9.

The calculated Sh values for the two-region model were
found to be smaller by less than a factor of two than those
predicted by Kreutzer’s correlation,8 and by up to a factor of
four than those predicted by the correlation of Gruber and
Melin.23 It should be noted that the latter correlation is a fit
over a very large range of slug length values (1 � Ls �
600). The values considered here are very much towards the
lower end of that range, which may explain the larger dis-
crepancies. Furthermore, the discrepancy may also be due to
the fact that the above researchers calculated the Sh for mass
transfer between the slug and the wall, while in this work the
Sherwood is for mass transfer between the two regions of the
slug. This difference, however, is not expected to be signifi-
cant due to the small film thickness.

The correlation of Kreutzer8 relates the Sh to the ratio
Lreactor=Pe and Ls. For the cases analyzed here,
0:2 < Lreactor=Pe � 2, which places them at the range where
Sh is insensitive to small changes in the ratio (Figure 10),
which can also be seen in Table 9. The trend of increasing
Sh with decreasing Ls, seen in Figure 10, is not always
observed for the CFD model.

A typical RTD curve at high-Peclet numbers is shown in
Figure 11. Qualitatively it is not surprising that the exponen-
tial sum expression, which results from the two-region model
cannot account for the shapes of residence time curves
obtained. It is also not surprising that for Pe�d > 10 the first
three moments match those of the numerical model slightly

better than those of the CSTR-PFR model (Table 10), which
does not have an adjustable parameter.

Interestingly, at Pe�d < 10 an optimum Sh could not be
found, but the fitting was improved when Sh was increased
to very large values. The residual error plateaued to a con-
stant value, and was then insensitive to further increases in
Sh, which were about two or more orders of magnitude
larger than those predicted from correlations.8 The limit at
large Sh for the two-region model is the CSTR-PFR model,
from which it can be clearly concluded that the two-region
model offers no advantage over the CSTR-PFR one for Pe�d
< 10.

The Model of Thulasidas et al. In contrast to the earlier
models, the model by Thulasidas et al.1 takes into account
the cyclic nature of the output, which results from a combi-
nation of dominating axial convection and slow radial diffu-
sion. Certain points of the model development are repeated
here to provide insight into the output given by the model.
The model assumes a constant output concentration from the
unit cell for the duration of a cycle (the time for a complete
rotation of a vortex in the slug). To explain how this assump-
tion arises consider that the concentration is determined from
the interaction of the film with the vortex which lasts for the
entire cycle. During that cycle the vortex region interacts
with a length of the film approximately double the slug
length. The vortex material which interacts with the film in
the first half cycle moves near the centerline of the tube in
the second half cycle, and is assumed not to interact with the
other part of the vortex (now interacting with the film). This
results in the film experiencing the same conditions as it
moves through the unit cell for the duration of one cycle,
which results in a constant output.

Neglecting the velocity gradients in the liquid slug, and
assuming constant initial concentrations in the slug and the
film, a unidirectional diffusion equation along the cross sec-
tion is solved for time equal to one half cycle. The concen-
trations in the film and the coflowing part of the vortex are
averaged. The averaged concentration of the film at the end
of the half cycle is the output concentration for the duration
of the cycle, while that of the top half vortex is the average
concentration of the vortex after a complete cycle. The
model is then repeated starting with the averaged concentra-
tion of the vortex and the ‘‘new’’ inflow concentration of the
film, which is the output of the upstream unit cell.

The averaged concentrations obtained from the model,
with the typographical errors in the expressions corrected
from the original,1 were nondimensionalized, and are given
for the film in Eq. 29 and for the vortex region of the slug in
Eq. 30

Figure 9. RTD of unit cell for two models {Black: CFD
Simulation, Gray: CSTR-PFR} for the case of
{�d = 3.06 3 10�4, Pe = 1,000, Re = 4.5 3 10�5,
Ls = 0.25, Lb = 1.1 � 2�d}.

Table 9. Calculated Sherwood Numbers
for the Two-Region Model

Sh

�d ¼ 3.04 � 10�4 �d ¼ 10�3 �d ¼ 10�2

Pe 103 104 105 Pe 103 104 105 Pe 103 104 105

Ls Ls Ls

0.25 ? 60 65 0.25 ? 65 86 0.25 193 56 63
1.0 ? 37 37 1.0 197 39 47 1.0 98 41 41
4.0 ? 39 31 4.0 ? 40 35 4.0 230 39 33
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�cf ;av ¼ 1þ 4½�c10 � �c20��r21

þ
X1
n¼1

e�
l2n�t
Pe

�16½�c10 � �c20��r21J21ðln�r1Þ
ð1
2
Þ2 � �r21

� �
l2nJ

2
0ð0:5lnÞ

2
4

3
5 ð29Þ

�cv;av ¼ 1þ 4½�c10 � �c20��r1

þ
X1
n¼1

e�
l2n�t
Pe

16½�c10 � �c20��r1J1ðln�r1Þ½�r1J1ðln�r1Þ � �r0J1ðln�r0Þ�
ð�r21 � �r20Þl2nJ20ðln2 Þ

" #

(30)

where

�r1 ¼ 1

2

ffiffiffiffiffiffiffiffiffiffiffiffi
2� c

p
(31)

�r0 ¼ 1

2

ffiffiffiffiffiffiffiffiffiffiffiffi
2� c

p
ffiffiffi
2

p (32)

obtained from Thulasidas et al.,2 and nondimensionalized
using the radius. The eigenvalues are given in terms of the
zeros of the Bessel function of the first-order

ln ¼ 2 Z1n (33)

The average film concentration is evaluated using Eq. 29 af-
ter a time equal to half a cycle time of the vortex with initial
concentrations �c10, the initial average vortex concentration,
and �c20 ¼ 1, the initial film concentration at the beginning of
each cycle always taken as 1 for the step-tracer input. This
value is used as the output for the total cycle time. Similarly,
the average vortex concentration is evaluated using Eq. 30.
The procedure is repeated using the previous averaged vortex
concentration for a new �c10, and the constant value of 1 for
�c20. The cycle time can be calculated from expression 34,
which has been modified from the expression given by Thu-
lasidas et al. to account for the liquid volume around the
bubble caps. �tcycle is calculated by using a length obtained
by approximating the vortex volume to a cylinder, and the
area averaged velocity in either of the vortex flow directions.

�tcycle ¼ 2þ 6 Ls þ 4�dð3þ 4�dð2�d� 3ÞÞ
3ð1þ 8ð�d� 1Þ�dÞ (34)

The density function F(�t ) obtained by the Thulasidas et al.
model is a series of plateaus, such as those seen with the cur-
rent model at high Pe (Figure 4). The corresponding resi-
dence-time distribution E(�t ) from Thulasidas’ model is a se-
ries of ideal pulses at times corresponding to the vortex cir-
culation times.

The model of Thulasidas et al. was implemented using the
first hundred terms of the series, and the moments are given
in Table 10. It can be seen, by comparing the second and
third moments, that it performs worst at the extremes of
high-and low-Peclet numbers. The way the model is formu-
lated is not conservative, so material which crosses the centre
of the vortex is neglected in the averaging. This explains
why the difference between the moments of the Thulasidas
et al. model and those of the numerical calculations are worst
at low Pe. In addition the first moments do not match even
at high Pe. This is attributed to inaccurate estimation of the
cycle time. �tcycle is the only parameter where the slug length
features; from expression 34, a longer cycle time translates
to a longer slug, and, hence, corresponds to larger space-
times. Sensitivity analysis on �tcycle showed a small change of
the variable to have a significant effect on the first moment.
If the suggested expression of the cycle time by Thulasidas
et al. is used instead of Eq. 34, the performance is much
worse. Also the first moments of the Thulasidas et al. model
are closer to the numerical ones with increasing slug length
as the regions near the caps, neglected in the Thulasidas
model, have lower contribution to the circulation time, as
compared to the rest of the unit cell. Order of magnitude
analysis of the generated moments, using the cycle time
given by expression 34, shows a worsening performance
when changing from Pe ¼ 104 to Pe ¼ 105, which may
be attributed to the averaging of concentration carried out at
the end of each half cycle time.

Reactor RTD Curves, Comparison with Literature Experi-
mental Results. To demonstrate how the results obtained
from the CFD model developed here are used to calculate
the reactor residence-time distribution, a specific example is

Figure 10. Variation of Sh with Lreactor/Pe for various
Ls, based on the correlation by Kreutzer.8

Figure 11. RTD of a unit cell for different models {Gray:
Numerical simulation, Dashed: Two region,
Black: CSTR-PFR} for the case of {�d = 10�3,
Re = 4.5 3 10�5, Ls = 0.25, Lb = 1.1 � 2�d, Pe
= 104}.

The best fitting Sherwood number for the two-region
model was found to be Sh = 65.
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presented, utilizing the experimental data of Thulasidas
et al.,1 with the corresponding parameters given in Table 11.
The residence-time distribution curve of a unit cell is given
in Figure 12, and is typical of high Pe (see section ‘‘General
features of the unit cell RTD/spatial concentration contours
and the effect of the dimensionless parameters’’).

The concentration output of each unit cell exiting the reac-
tor for a single unit cell pulse (Figure 2) is obtained from
evaluating the inverse Laplace transform of the functions in
Table 6 at dimensionless times given in Table 7, and the
results are presented as a barchart in Figure 13. The figure
shows that cell 1 exiting the reactor still has the majority of
the tracer inside it with subsequent cells containing less and
less material. From the velocity of each unit cell and its
length, as well as the length of the reactor, the concentration
at different times can be plotted and converted to the reactor
residence-time distribution curve Ereactor(�t) when normalized
(Figure 14). Given the experimental input signal ci(�t) and the
Ereactor(t) curve, the dimensional version of Ereactor(�t), a con-
volution integral of the two curves allows the calculation of
the reactor output curve (Figure 15). The results match the
experimental results very well. It should be noted, however,
that the model of Thulasidas et al.1 also matched their results
well, despite being the worst performer amongst the models
considered here. The model proposed by Kreutzer also gives
a reasonable match to the results, although not as good.8 The
reason for all models matching the results is probably the rel-
ative short length of the reactor considered. The distinction
between all the models should become more apparent with
increasing reactor length.

Conclusions

A numerical model based on CFD has been developed for
the prediction of axial mixing during Taylor flow in micro-
channels. The response of a single unit cell (comprising of a
liquid slug and two half bubbles) to a step-tracer input is an-
alyzed, and its residence-time distribution evaluated. Since
no assumptions were made for the flow and mixing within
the liquid slug, the predictions of this model can be used to
evaluate different literature methodologies for the calculation
of axial mixing in Taylor flow systems.

Two trends were found for the residence-time distribution
E(�t) of a single unit cell. At high Pe the E(�t) curve shows
characteristic peaks at times corresponding to the vortex cir-
culation times within the liquid slugs. The concentration pat-
terns within the slugs follow the flow streamlines at least ini-
tially. At low Pe, the E(�t) curve shows a single peak that
decays slowly with �t, while the concentration inside the liq-
uid slug rises rapidly with �t to its final value because of
strong diffusion.

Figure 13. Average concentration of cells when exiting
the reactor corresponding to Figure 12 for �d
= 2.89 3 10�3, Pe = 19,048, Ls = 4.15, Lreactor
= 285.

[Color figure can be viewed in the online issue, which is
available at www.interscience.wiley.com.]

Figure 14. Residence-time distribution of the reactor
corresponding to Figure 13 for �d = 2.89 3
10�3, Pe = 19,048, Ls = 4.15, Lreactor = 285.

Figure 12. Residence-time distribution curve in a unit
cell calculated from the current CFD model
for the experimental data by Thulasidas
et al.1 when unit pulse is introduced in unit
cell 1.
�d ¼ 2.89 � 10�3, Pe ¼ 19,048, Ls ¼ 4.15, (see also
Table 11 for the values of all parameters used).

Table 11. Parameters used in the Reactor RTD Calculations

Ca 2.84 � 10�4

�d 2.89 � 10�3

Pe 19,048
Ls 4.15
Lb 13
Lreactor 285

1426 DOI 10.1002/aic Published on behalf of the AIChE June 2007 Vol. 53, No. 6 AIChE Journal



The earlier model was used to study the axial mixing in a
unit cell for a large range of dimensionless parameters that
cover reactor sizes and fluid properties encountered in micro-
reactor applications. It was found that Re has negligible
effect on the residence-time distribution curve. Increasing
film thickness or Pe resulted in larger and more distinct
peaks in the E(�t) curve. On the other hand, with increasing
Ls, the separation between the peaks increases while their
size decreases. The diffusion from film to vortex was
found to depend on Pe�d. For Pe�d � 10 the normalized
moments are independent of Pe�d and Ls, similarly to CSTR
RTD curves irrespective of spacial mixing pattern inside
the liquid slug which depends on Pe. At high Pe�d the nor-
malized moments increase with Pe�d at a rate dependent on
Ls; higher Ls reduces the normalised moments associated
with Pe�d.

Different literature models where then evaluated against
the current CFD predictions. The first three moments of the
residence time distribution curves were used for the compari-
sons. The following were found

(1) Of the models considered the CSTR-PFR matches the
CFD results for Pe�d < 10. The predictions of the RTD curve
moments when this model was used were best for medium
Pe (100 � Pe � 1000).

(2) A fitted two-region model with Sh as a single fitting
parameter, gives better agreement with the current CFD
model than the CSTR-PFR model for Pe�d > 10. However,
the fitted values of Sh are up to four times smaller than those
found by literature correlations, and do not show correct
trends with respect to increasing slug length.

(3) The method proposed by Thulasidas et al.1 gave the
least accurate predictions.
From the residence-time distribution curves of individual

unit cells, the residence-time distribution of the whole reactor
can be evaluated. Given a tracer input concentration, by
means of a convolution method the concentration at the out-
put of the reactor at different times can be found. The

method was used for the experimental data by Thulasidas
et al.,1 and good agreement was found. It has to be noted,
however, that the short length of the reactor used in these
experiments did not allow proper differentiation between dif-
ferent models, and the other models also showed good agree-
ment with the experimental data.
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Notation

As ¼ area separating the vortex and film regions in slug, m2

Af ¼ cross sectional area of film, m2

c ¼ tracer concentration, kg m�3

C ¼ LðcÞ, Laplace transform of c
Ca ¼ capillary number, mUb=g
d ¼ microchannel diameter, m
D ¼ diffusivity of tracer species, m2/s

E(t) ¼ unit cell residence-time distribution (RTD) curve, s�1

E(�t) ¼ dimensionless E(t), d=UbEðtÞ
ECSTR-PFR(�t) ¼ dimensionless CSTR-PFR model RTD curve
Ereactor (�t) ¼ dimensionless reactor RTD curve
E2Region (�t) ¼ dimensionless two-region model RTD curve

E(�s)¼ LðEð�t ÞÞ, Laplace transform of E(�t)
F(�t) ¼ dimensionless density function

Fmodel (�t) ¼ dimensionless density function from fitted model
F(�s) ¼ LðFð�t ÞÞ, Laplace transform of F(�t)
Fr ¼ Froude number, U2

b=gd
g ¼ acceleration due to gravity, m/s2

J0,J1 ¼ Bessel functions of the first kind of order zero and one
kL ¼ mass-transfer coefficient between film and vortex, ms�1

L ¼ Laplace transform operator
lb ¼ Taylor bubble length, m
lcell ¼ unit cell length, lcell ¼ lb þ ls, m

lreactor ¼ reactor length, m
ls ¼ liquid slug length, m
Lb ¼ dimensionless Taylor bubble length, lb=d

Lreactor ¼ dimensionless lreactor, lreactor=d
Ls ¼ dimensionless liquid slug length, ls=d
nb ¼ interface unit normal vector
nt ¼ interface unit tangent vector
N ¼ tracer flux, kg m�2 s�1

p ¼ relative pressure, N m�2

Pe ¼ bulk Peclet number, Ubd=D
�Q ¼ liquid volumetric flow rate into the unit cell, m3/s
Q ¼ dimensionless liquid volumetric flow rate into the

unit cell, Q=Ubd
2

r0 ¼ radial position of vortex center, m
r1 ¼ radial position of streamline separating vortex and film

regions in slug, m
�R ¼ microchannel dimensionless radius, 1

2
Re ¼ Reynolds number, rUbd=m
s ¼ variable of Laplace domain

Sp ¼ cubic spline polynomial
Sh ¼ Sherwood number, kLd=D
t ¼ time, s
�t ¼ dimensionless time, tUb=d

tcell ¼ time for a unit cell to move a length lcell, lcell=Ub, s
treactor ¼ time for a unit cell to pass through reactor, lreactor=Ub, s

ts ¼ CSTR time constant, s
�ts ¼ dimensionless CSTR time constant, V=Af d
u ¼ velocity field, ms�1

uz, ur ¼ radial and axial velocity components, ms�1

Ub ¼ bubble velocity, ms�1

V ¼ volume of slug, m3

�V ¼ dimensionless volume of slug, V=d3

V1 ¼ volume of slug film region, m3

V2 ¼ volume of slug vortex region, m3

Z1n¼ nth zero of Bessel function of the first kind of order one

Figure 15. Experimental (points) and theoretical output
(line), calculated from the current model, of
a single Taylor-flow capillary reactor vs.
time for �d = 2.89 3 10�3, Pe = 19,048, Ls =
4.15, Lreactor = 285.

The top righthand corner insert shows the input tracer sig-
nal into the capillary as measured experimentally from
Thulasidas et al.1
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Greek letters
a, b, e, f¼ coefficients of spline polynomial
Z, k, y, z ¼ parameters for the two-region model see Eqs. 22–25

g ¼ interfacial tension, N m�1

d ¼ thickness of film surrounding bubble, m
�d ¼ dimensionless film thickness, d=d
�ln ¼ nth zero of the Bessel function of the first order
m¼ viscosity, N s m�2

mn¼ nth moment of E(t)
r¼ density, kg m�3

s¼ standard deviation of unit cell RTD, s
t ¼ space-time for unit cell, s
�t ¼ dimensionless space time, �V= �Q

tcycle ¼ vortex cycle time, s
�tcycle ¼ dimensionless vortex cycle time, tUb=d

c ¼ velocity ratio of bubble to average slug velocity

Superscripts
n¼ unit cell number
�x ¼ barred symbols are nondimensionalized

Subscripts
0¼ Initial value at t ¼ 0

av ¼ average value in the slug
f ¼ film
i ¼ Inlet value
o¼ outlet value
v ¼ vortex
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